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Introduction

To what extent can we automate assessment of steps in students’
working?
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Introduction

To what extent can we automate assessment of steps in students’
working?

@ Today
@ Tomorrow
@ Ever...
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Current STACK interface

Prove by induction that

Tidy question | Question tests & deployed versions

n
SR = % n(n+1)(2n + 1).
k=1

"Set P(n) to be the statement that"

sum(k*2,k,1,n) = (n*(n+1)*(2*n+1))/6

"Then P(1) is the statement”

12 = 15(1+1)*(2*1+1)/6

1=1

"So P(1) holds. Now assume P(n) is true."
sum(k"2,k,1,n) = (*(n+1)*(2*n+1))/6

sum(k 2.k, 1.n) + (n+1)"2= (n*(n+1)*(2*n+1))/6+(n+1)"2
sum(k"2.k, 1.n+1) = ((n+1)*(n*(2*n+1)+6*(n+1)))/6
sum(k*2,k,1,n+1) = ((n+1)*(2*n*2+7*n+6))/6
SUMK*2,k, 1,n+1) = ((n+1)*(n+2)*@*(n+1)+1))/6
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Calculation and reasoning

Set P(n) to be the statement that

2":]62 _ n-(n+1)-(2-n+1)
=1 6
Then P(1) is the statement
p_L0tD-@ 141

6
1=1
So P(1) holds. Now assume P(n) is true.
>":k2 _nr(ntl)-(2-n+1)
k=1 6

E”:k2+(n+l),_=n'(n+1)é(2-n+1)+(n+1)2
k=1

B, +1)- @ (2n+1)+6-(n+1)
asy (m+1)- (20 +7-n+6)

=
D 6

gkﬂz(n+1)-(n+2)(;(2-(n+1)+1} S

September 2016 3/38



Calculation and Reasoning

Calculation: “a deliberate process that transforms one or more inputs
into one or more results" (Wikipedia)
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Calculation and Reasoning

Calculation: “a deliberate process that transforms one or more inputs
into one or more results" (Wikipedia)

Reasoning: to form conclusions, inferences, or judgements.

By definition: we must perform a calculation in automatic assessment.

What forms of reasoning can be reduced to a calculation?
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Reasoning by equivalence

Work line by line: adjacent lines are “equivalent”.
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Reasoning by equivalence
Work line by line: adjacent lines are “equivalent".

logs(x +17) — 2 =logz(2x) (x> 0,x > —17)

< logz(x 4+ 17) — logs(2x) =2
x+17

@Iog3( ox ) =2

x+17 a2

ox =3=9
ex+17 = 18x
&X =1.
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logs(x +17) — 2 =logz(2x) (x> 0,x > —17)

< logz(x 4+ 17) — logs(2x) =2
x+17

@Iog3( ox ) =2

x+17 a2

ox =3=9
ex+17 = 18x
&X =1.

The above is a single mathematical entity: the argument.
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Reasoning by equivalence
Work line by line: adjacent lines are “equivalent".

logs(x +17) — 2 =logz(2x) (x> 0,x > —17)

< logz(x 4+ 17) — logs(2x) =2

o log, (x+17) _5

2x
@x+ 17 _32_g
2x
ex+17 = 18x
X =1.

The above is a single mathematical entity: the argument. (For
Christian, et al.)
The above is a single (long) English sentence.
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Importance of RE in undergraduate mathematics

Reasoning by equivalence is important for the following reasons.

@ Start of proof & rigour (deductive geometry?)
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Importance of RE in undergraduate mathematics

Reasoning by equivalence is important for the following reasons.

@ Start of proof & rigour (deductive geometry?)
© Contains logic and extended calculation
© Included in many methods, e.g. solving ODEs.

O Key part of many pure mathematics proofs

» Induction step
> ¢-0 proofs.
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Importance of RE in school mathematics

Reasoning by equivalence is the primary form of reasoning.
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Importance of RE in school mathematics

Reasoning by equivalence is the primary form of reasoning.
1/3 of marks in the IB exams are awarded for RE.
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Reasoning by equivalence has a long history

A “universal scientific language" would enable us to

Jjudge immediately whether propositions presented to us are
proved ... with the guidance of symbols alone, by a sure truly
analytical method.
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Boole Laws of thought 1854

“to go under, over, and beyond” Aristotle’s logic.
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Boole Laws of thought 1854

“to go under, over, and beyond” Aristotle’s logic.

Mathematical foundations involving equations.
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Pell's Algebra 1668

74 Refolution of Problemes.

5 r

Prob. 1X. Therebe three Numbers in continmal Proporti-
on; their fumis 74, and the fumof their Squares 1924,

. =3 Ha+b+e=74

b N aa-t+bl+ec—1924
; NEE b H b.c
4| aa—bb-t cc-3ab-m2ac+2b0 = 5476
41 5 zab+2ac+2be=3552
[ 6lac=bb
Js P 7 2ab+2bb+2be = 3552
1 '* 3 % 2a-+z2bt2¢ = 143
7--3 | 9)B=24
5 |ie|#e=50

! bb— 6.‘.—/!{:( )]
G2 11 37 3
?g@ 2 |i2|#tt2ac fec=12500

11% 4 3 qac Tm2304
“tq,j .; aa—aac tec-—196

ljw 2 Sl g —— 14

101 16,24 =64 —36
Id-'.—i"s 17 A:;z‘g Allo >::18
10—17 §i8 C=18 2=13
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Equivalence reasoning and STACK

Goal: develop STACK to assess reasoning by equivalence.
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Equivalence reasoning

Applies to equations.

te 0
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Equivalence reasoning

Applies to equations.

(x—5)2-16=0

© (x—5)2=16
& X—5=4(4)
< X—5=4orx—5=-4
< x=1lorx=9

Equivalence class of expressions defined by the solution set.
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Solving an equation

Solving is
@ progressive transformations;
@ representatives of the class;
@ ending in a certain form.
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Solving an equation

Solving is
@ progressive transformations;
@ representatives of the class;
@ ending in a certain form.
E.g. polynomial equation — x =7 or x =7 --
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Design decisions: repeated roots?

x2—6-x=-9
& (x—8)*=0
(Sameroots) x—3=0
& x=3
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Design decisions: which field?

R or C?
x3-1=0
o (x=1)-(x®*+x+1)=0
7o x=1
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Design decisions: which field?

R or C?
x3-1=0
o (x=1)-(x®*+x+1)=0
7o x=1

STACK currently works over C.

x3-1=0
o (x=1)-(x*+x+1)=0
~ x=1orx24+x+1=0

—(v83i+1 -
= X:1o1rX:#orX:‘/gl 1
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Equating expressions

@ Similar to equivalence reasoning.
@ Expressions, (not equations).
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Equating expressions

@ Similar to equivalence reasoning.
@ Expressions, (not equations).

2- (2 PP+bP?-2+c% @) — (at+ b+t

=4.82 pP—(a*+b*+ct+2-82 pP-2.p2-c2-2.¢2 &)
—(2-a-b2— (BB + & —?)°

=(2-ab+bP+a-c?) (2-a-b—b? -2+ c?

= ((a+b)2—cz> : <c2—(a—b)2)
=(a+b+c)-(a+b—-c)-(c+a—b)-(c—a+b)
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Equating expressions

@ Similar to equivalence reasoning.
@ Expressions, (not equations).

2- (8- bP+b?-c2+c2-a8)— (a*+b*+c*)

4.2 P (bt 22 P2 R B2 &)
—(2-a-b2— (B + & —?)°

=2 ab+bP+a-c2) (2-a-b-b—2a2+c?

- ((a+ b)? — c2) : (c2 —(a- b)z)
=(a+b+c)-(a+b—-c)-(c+a—b)-(c—a+b)

Hidden quantifiers: for all values of all variables.
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Equating expressions vs equivalence reasoning.

Ix —1/2|+|x+1/2| =2.
But

< x| =1

IX| —1#[x—=1/2|+|x+1/2] =2.

Chris Sangwin (University of Edinburgh)
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Equivalence classes vs explicit steps

Working with equivalence classes of solutions has problems.
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Equivalence classes vs explicit steps

Working with equivalence classes of solutions has problems.

(x+3)-(2—-x)=4
< x+3=40r2—-x=4
< x=1lorx=-2
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Equivalence classes vs explicit steps

Working with equivalence classes of solutions has problems.

(x+3)-(2—-x)=4
& X+3=4dor2—x=4
e xX=1lorx= -2

Two options for the architecture:

@ Membership of an equivalence class.
@ Sequence of legitimate steps.
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Equivalence classes vs explicit steps

Working with equivalence classes of solutions has problems.

(x+3)-(2—-x)=4
& X+3=4dor2—x=4
e xX=1lorx= -2

Two options for the architecture:
@ Membership of an equivalence class.
@ Sequence of legitimate steps.
(Good nonsense is surprisingly hard to find.....)
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Implication vs equivalence

a==>bt
= &=b
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Implication vs equivalence

E.g.
V3 XTA=2+/x12

= 3. x+4=4+4-/x+2+(x+2)
e o x—1=2.Vx+2

= x>-2.x+1=4-x+8

~ x°—6-x—-7=0

< (x=7)-(x+1)=0

< X=7Torx = -1
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Implication vs equivalence

a=»b
= & =b

E.g.

V3-x+4=2+Vx+2

3 Xx+4=4+4-V/x+2+(x+2)
x—1=2-v/x+2

x> -2 x+1=4-x+8
x2-6-x—7=0
(x=7)-(x+1)=0

X=7o0orx =—1

roeod T

@ These problems are out of fashion. (SHAME!)
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Implication vs equivalence

a=»b
= & =b

E.g.

V3-x+4=2+Vx+2

3 Xx+4=4+4-V/x+2+(x+2)
x—1=2-v/x+2

x> -2 x+1=4-x+8
x2-6-x—7=0
(x=7)-(x+1)=0

X=7o0orx =—1

ree ey

@ These problems are out of fashion. (SHAME!)
@ Start with equivalence, and progressively add rules for feedback.
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Rational expressions: role of domains?

Chris Sangwin (University of Edinburgh)

4
x—2)-(x+2)=0
X=—-2o0rx =2
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Rational expressions: role of domains?

Instead

Chris Sangwin (University of Edinburgh) Calculation and reasoning September 2016 20/38



STACK and RE

Working
@ Polynomials

@ Rational expressions
o +

v
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STACK and RE

Working
@ Polynomials
@ Rational expressions
o+
°v
Future
@ [X|
@ Simultaneous equations
@ Systems of inequalities
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STACK and RE

Working
@ Polynomials
@ Rational expressions
o+
°v
Future
° |x|

@ Simultaneous equations

@ Systems of inequalities
Distant future

o Trig

Chris Sangwin (University of Edinburgh) Calculation and reasoning September 2016 21/38



Students and RE

X+5 4x — 40

Question 1: solve - 5=

x—7 13— x
Question 2: solve v3x +4 =2+ Vx + 2.

(147 participants: amongst highest achieving students in their
generation)
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Students and RE

x+5 4x — 40
Question 1: solve — - 5= 3
Question 2: solve v3x +4 =2+ Vx + 2.

(147 participants: amongst highest achieving students in their
generation)
Outline results Q1:

@ 9.5% of students showed any evidence of logical connectives
@ 2 students checked their answer
@ 1 student explicitly considered domains of definition, e.g. x # 7
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Students and RE

x+5 4x — 40
Question 1: solve —— 7 - 5= 3

Question 2: solve vV3x +4 =24+ vx + 2.

(147 participants: amongst highest achieving students in their
generation)
Outline results Q1:

@ 9.5% of students showed any evidence of logical connectives

@ 2 students checked their answer

@ 1 student explicitly considered domains of definition, e.g. x # 7
Outline results Q2:

@ 60% of students “finished” this problem getting x =7, x = —1

@ 16% checked and eliminated one solution

@ 4 students showed any evidence of checking domains

@ 3 students used any logical connectives @
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Teachers moaning about students....

There are few parts of algebra more important than the logic
of the derivation of equations, and few, unhappily, that are
treated in more slovenly fashion in elementary teaching.

Chrystal (1893)

Calculation and reasoning September 2016 23/38
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CAS and RE

Current worksheet interfaces to CAS mimic students’ approaches.
Solve the following equation.

(%12) (x+5)/(x-7)-5 = (4*x-40)/(13-X);
(%02) x+5_ 4 x-40
04 TP T 13x

(%13) ratsimp(%);
(%03) 4x-40 4 x-40
<0 x-7  x-13

(%14) %*(x-7)*(x-13);
(%04) —(x-13)(4x-40)=—(x-7) (4 x-40)

(%15) %/ (4*x-40);
(%05) 13-x=7-x

(%1i6) %+x;
(%06) 13=7
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Algebra and RE

To what extent do | want to automate current practice?

Chris Sangwin (University of Edinburgh)

Calculation and reasoning




Algebra and RE

To what extent do | want to automate current practice?
What are the alternatives?
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(Back 2010): “Structured derivations”

Find the values of a for which —x2 + ax + a — 3 < 0 holds for all x.
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(Back 2010): “Structured derivations”

Find the values of a for which —x2 + ax + a — 3 < 0 holds for all x.

—x®+a-x+a-3<0
& a-3<x?—a-x
~ a-3< (x—g)2—§
o 21a-3<(x-2)°
This inequality is required to be true for all x; it must be true when the
right hand side takes its minimum value. This happens for x=a/2.

&+4-a-12<0
(a—2)-(a+6)<0
(a>-6ra<2)Vv(ia<-6Ara>2)
—-6<ana<?

T
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Find the values of a for which

—*+a-x+a-3<0
holds for all x

(ez)yratad < 0

a3<x2a

a3< (al2n2a2

alatad < (cal2y2

ar2ria12 < #(eal2)2

(a2 (a*6) < #(c-al2)2

“This is inequality is required to be true for all x; it must be true when the right hand side takes its minimum value. This happens for x=a/2."
(a-2)(a+6)< 0

(a-2>0and a+6 < 0) or (a-2 < 0 and a+6 > 0)
(a>-6anda<2)or(a<-6anda>2)

(-6 <aanda<2)orfase

6<aanda<z

Vour last answer was interpreted as follows

—4a x+a-3<0
a-3<x’—a-x

a-3<(-8)'-%

Lha-3<(i=2)

@ td-a-12<4-(x—2)°

I

(@=2)-(a+6)<4-(x—%)
This is inequality is required to be true for all x; it must be true when the right hand side takes its minimum value. This happens for x=a/2.
(a=2)-(a+6)<0
(@=2>0Aa+6<0)V(@—2<0Aa+6>0)
(a>—6Aa<2)V(a<—6Aa>2)
(-6 <ana<?2)V false
—6<ara<?2

L

reasoning



Algebra and RE

Even if you abandon calculation to CAS, you have to set up
computational proofs!
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Algebra and RE

Even if you abandon calculation to CAS, you have to set up
computational proofs!
CAS challenge: get your CAS to rewrite —x°> + ax +a—3 < 0 as

(a—2)(a+6)<4- (x—g)z
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Student interface

Lots of design decisions:

@ Text area for input: freedom.
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Student interface

Lots of design decisions:

@ Text area for input: freedom.
@ Should students be expected to show logic?
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Student interface

Lots of design decisions:

@ Text area for input: freedom.

@ Should students be expected to show logic?

@ Should students indicate what they have done?
@ (Semi-automatic assessment of proofs?)
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Pell's Algebra 1668

74 Refolution of Problemes.

5 r

Prob. 1X. Therebe three Numbers in continmal Proporti-
on; their fumis 74, and the fumof their Squares 1924,

. =3 Ha+b+e=74

b N aa-t+bl+ec—1924
; NEE b H b.c
4| aa—bb-t cc-3ab-m2ac+2b0 = 5476
41 5 zab+2ac+2be=3552
[ 6lac=bb
Js P 7 2ab+2bb+2be = 3552
1 '* 3 % 2a-+z2bt2¢ = 143
7--3 | 9)B=24
5 |ie|#e=50

! bb— 6.‘.—/!{:( )]
G2 11 37 3
?g@ 2 |i2|#tt2ac fec=12500

11% 4 3 qac Tm2304
“tq,j .; aa—aac tec-—196

ljw 2 Sl g —— 14

101 16,24 =64 —36
Id-'.—i"s 17 A:;z‘g Allo >::18
10—17 §i8 C=18 2=13
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To what extent can we change mathematics?

Pragmatists would say {}.
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To what extent can we change mathematics?

Pragmatists would say {}.

@ Use of natural domains?
@ Cancelling and tracking side conditions.

@ Multiplicities of roots.
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Modified rules

(1) Multiplication does not retain equivalence.

CA=CB< A=BVC=0. (1)
CA=CBANC#0& A=BAC#0. 2)
A=B& (CA=CBAC#0)VA=B=0. (3)
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CA=CB< A=BVC=0. (1)
CA=CBANC#0& A=BAC#0. 2)
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(2) Powers and roots are evil.
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Modified rules

(1) Multiplication does not retain equivalence.

CA=CB< A=BVC=0. (1)
CA=CBANC#0& A=BAC#0. 2)
A=B& (CA=CBAC#0)VA=B=0. (3)

(2) Powers and roots are evil.

A=B A -B=0
< (A-B)(A+B)=0
& A=BVA=-B

(Auditing)
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Design of algebra/software

Immediate feedback: assessment system — “algebra assistant”?

You appear to be implicitly enlarging the domain of x. Did you want
some help with that?
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MathExpert

|MWE_E@QJ

| ™ File Edit Algebra Precalculus  Calculus Gvaph View mem Window H:Pp

; 9x-20 < x the problem

9x-20 < x2 Vu<v=u<v?

9x-20-x° <0 subtract x2

—(x-5)(x-4) <0 factor quadratic

0 < (x-5)(x-4) change signs

x <4 . .
examine the signs

Sex of the factors

20

— < x <4 .
use assumptions

5<x
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Aplusix - reasoning by equivalence

aplusi - Student : Chris - Training (CHABRO-1.0 B2) oy [ ] 3}
Fle Edt Step Calculation Parameters Pastactiviies Help

ilﬂlﬂg End of the exercize |ﬂ 1410 HQIEI Stap the list The Map ‘

Expand and simplify
‘ 6{-4x+1)+6 [Tx+3)-5{-5x+4) ‘

[ 247464427 +18+4257-20 | A
Undo Redo Cut Copy Paste
” or| =|=| @S|+ =|7]z]|2]a '919'
= ol —
“24x+42x+25x+4 JE= da alslelel =4
>H( = o]/ v8[x] ol1lz]3]- 3\

—24x+42x +25x+0] [

State : Ok
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EASy system

— — WESTIALISCHE Praktische

ww‘;:cs(:;s-unmnwlv Informatik
=l

Logout

) rinzPoldi

=T title: Demo Hoare Logic - Saquence  max score: 4.0
Hiote: Click "Submit proof to submit your proaf. Yau wil be asked for your authentication information.
Theorem
T show Preconditons: [ ]
a5 nEN 0 Rules -
:'::u:‘ Conclusion & B
b (x+1<0AY+1<0} Xé=x+1, yé—y+1 {x<OAy<0} =True -2 Bookesche Regeln
delete latest strtegy proct mm:,{, yH<0} eyt x<0Ay<t} =3 Hosre Logi (Demo)
Undo step . i
Proct @ Agsociativty Boo
o Commutatiy B
Stratege ‘ Verifcation Proof (Hoare Logic) @ Consequence Po
® Consequence Priy
induction
Bookean transformation Thesren £ | ]
[T
Hoare Logic:
‘Show: Prz(nndim-légm Rule detals 3
Conclusion Rule: Assignment (Hoare) (ho.
(x+1<0AY*1<0} Xé=x+1 | yoy+1 (x<OAY<0} = T Rk | xperts
Proot successful: No
Froct Assignmentstatemel
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Conclusion

@ Reasoning by equivalence and equating expressions are key
elementary concepts.

@ RE could be used to solve a wider range of problems than is
currently the case.

@ Personal opinion: we should pay more attention to them.
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Conclusion

@ Reasoning by equivalence will work in STACK.

@ Progressive development of equivalence classes
(e.g. adding inequalities).

@ Lots of options for the interface.

@ Can we change how algebra is taught?

» Layout of arguments and proofs.
» How we treat domains

@ An opportunity to reflect on how algebra is taught...
@ There are important other forms of reasoning beyond RE.
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